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It is proved that any free Moufang loop can be embedded in a loop 
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Nowadays, the theory of loop algebras, in comparison with group alge- 
bras, is not perfect at all. It is so because many loop laws can't be trans- 
ferred to loop algebras, while in group algebras the group associativity (and 
commutativity) is transferred to the group algebras. So, if L is a Moufang 
loop, then its loop algebra FL is not always alternative, i.e. the Moufang 
laws are not always true in FL. 

Till now the theory of loop algebras has generally developed when the 
Moufang loops were examined. For example, in [1 - 3] the necessary and 
^^ ■ sufficient conditions are pointed for the loop algebra FL to be alternative, 

— u , when L is a Moufang loop, and in [1, 4 - 7] the construction of such loops L 

is examined. We note that these conditions are quite strong. Loop L should 
be "almost" associative. Nowadays the theory of such loops is developing in 
such a way. It is assumed beforehand that the loop algebra FL is alternative 
and there are examined either the algebra FL, or Moufang loops L setting 
different conditions on algebra FL [8 - 12]. These themes are stated in 
survey [13] and [14] in details (where, in particular, the difficulties of this 
theory are pointed). 

It is well known that for an alternative algebra A with unit the set 
U(A) of all invertible elements of A forms a Moufang loop with respect to 
multiplication. This work offers another way of examining Moufang loops. 
Let L be a free Moufang loop. It is shown that if we factor the loop algebra 
FL on some ideal /, then FL/I will be an alternative algebra and loop L 
will be embedded in the loop of invertible elements of algebra FL/I. This is 
a positive answer to the question raised in [15]: is it true that any Moufang 
loop can be imbedded into a homomorphic image of a loop of type U(A) 
for a suitable unital alternative algebra A? The equivalent version of this 
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question is: whether the variety generated by the loops of type U(A) is a 
proper subvariety of the variety of all Moufang loops? 

The findings of this paper also give a partial positive answer to a more 
general question (see, for example, [14]): is it true that any Moufang loop 
can be imbedded into a loop of type U(A) for a suitable unital alternative 
algebra A? A positive answer to this question was announced in [16]. Here, 
in fact, the answer to this question is negative: in [15] it is constructed a 
Moufang loops which are not imbedded into a loop of invertible elements of 
any alternative algebra. 

Let us now remember some notions and results from the loop theory, 
which can be found in [13]. Loop (L, •) = L is called IP-loop if the laws 
_1 x • xy = yx • x~ l = y are true in it, where _1 xx = xx^ 1 = 1. In IP- loops 
_1 x = x^ 1 and (xy)^ 1 = y~ 1 x~ 1 . The loop is Moufang if it satisfies the law 

x{y ■ zy) = (xy ■ z)y. (1) 

Every Moufang loop is a IP- loop. The subloop H of loop L is called normal 
in L, if 

xH = Hx, x ■ yH = xy ■ H, H ■ xy = Hx ■ y (2) 

for every x,y G L. 

Let Fbea field and L be a loop. Let us examine the loop algebra FL. 
This is a free F-module with the basis {q\q S L} and the product of the 
elements of this basis is determined as their product in loop L. Let H be 
a normal subloop of loop L. We denote the ideal of algebra FL, generated 
by the elements 1 — h [h € H) by ujH. If H = L, then ujL is called the 
augmentation ideal of algebra FL. Let us determine the homomorphism of 
F-algebras (p: FL — > F(L/H) by the rule ip(%2 X q q) = ^2 \Hq. Takes place 

Lemma 1. Let H,Hi,H2 be normal subloops of loop L. Then 

1) Kenp = loH ; 

2) 1 — h G W-ff i/ and only if h € H; 

3) if the elements hi generate the subloop H, then the elements 1 — hi 
generate the ideal uH ; if Hi ^ H2, then to Hi ^ wHi; if Hi C H2, then 
ooHi C ujH 2 ; if H = {Hi,H 2 }, then ujH = ujHi + ujH 2 ; 

4) ujL = {J2 q eL X il\ T, q eL X i = °}/ 

5) FL/loH ^ F(L/H), ujL/ojH ^ w(L/H); 

6) the augmentation ideal is generated as F-module by the elements of 
the form 1 — q (q € L). 

Proof. As the mapping ip is P-linear, then by (2) for h £ H, q £ L we 
have </?((! — h)q) = Hq — H(hq) = Hq — Hq = 0, i.e. loH C Kert/?. Let 
now K = {kj\j € J} be a complete system of representatives of cosets of 
loop L modulo the normal subloop H and let <p(r) = 0. We present r as 



r = u\k\ + . . . + r t k t , where Ui = J2heH K ^ ^ G K - Then = <p(r) = 

ipimMh) + ... + <p(utMkt) = (E heH ^Mki) + ■■■ + (EheH >$Mh). 

As p{k\), . . . , ip(kt) are pairwise distinct, then for all i E/ie-ff *h = ®- Hence 

-Ui = J2heH A ?(! ~h)- Y.heH xi h = T.heH X h 'l 1 ~ h ) is an element from 
loH. Consequently, Kery? C ujH, and then kery? = uH. 

2). If q £ H, then Hq / F. Then p(l - q) = H - Hq ^ 0, i.e. by 1) 
1 — g ^ Keri/3 = a;//. 

3). Let elements {/ij} generate subloop H and / be an ideal, generated 
by the elements {1 — hi}. Obviously / C loH. Conversely, let g € H and 
9 = 9i92 , where g± , #2 are words from hi . We suppose that 1 — g\ , 1 — <?2 £ I- 
Then 1 — g = (1 — <7i)<72 + 1 — 92 G I, i-e. W-ff C /. Hence I = loH. 
Let ill / #2 (respect, ill C #2) and 5 G #i,g ^ iJ 2 - Then by 1) 
1 — g £ a; .Hi, but 1 — g ^ toH2- Hence a; .Hi 7^ u;.H2 (respect, a; -Hi C wi^)- 
If .H = {-Hi, -H2}, then by the first statement of 3) loH = loH\ + luH2- 

4). We denote P = {Y^ q eL \l\ Eogl ^9 = ^}- Obviously, u;L C P. Con- 
versely, if r e P and r = Y, q eL \ a i then ~ r = ~ EgeL A 9<? = (E^gl X q) 1 ~ 
YlqsL ^<?<7 = EgeL \(1 ~~ 9) e k^' i- e - -^ — w( 5- Hence loL = R. 

5). Mapping ip : PL — > F(L/H) is the homomorphism of loop algebras 
and as by 1) Kerv? = wiJ, then FL/ujH = F(L/H). Now from 4) it follows 
that ujL/ojH ^ u{L/H). 

6). As (1 — q)q' = (1 — </g') — (1 — q'), then the augmentation ideal loL is 
generated by the elements of form 1 — q, where q € L. This completes the 
proof of Lemma 1. 

Let (B,+, •) be an arbitrary algebra over a certain field F. The map- 
ping p of set B is called the homomorphism of algebra (B, +, •) if p(Xa) = 
\p(a),p(a + b) = pa + pb,p(a ■ b) = (pa ■ pb for any p € F,a,b € B. If 
(L, •) is an arbitrary loop, FL is its loop algebra and p a certain homo- 
morphism of algebra (FL,+, •), then it follows from the last equality that 
the contraction p on L will be the homomorphism of loop (L, •). We call it 
A-homomorphism. A-homomorphism image p of loop (L, •) is not always a 
loop, but only a groupoid with division. However it takes place. 

Lemma 2. Let (L, •) be an IP-loop and let p be a homomorphism of 
algebra (FL,+, •). Then A-homomorphism image p of loop (L, •) will be a 
loop. 

Proof. We denote the A-homomorphism image p of loop (L, •) by (L, *). 
It follows from the IP-loop identity x _1 ■ xy = y that p(x^ 1 ) = (px)^ 1 and 
(99a; -1 ) * (px -k py) = py, (px)^ 1 * (px * y?y) = py,x~ l * (x *y) = y. Let 
a,b £ L. It is obvious that the equation a * x = & is always solvable and 
as a -1 * (a * x) = a -1 * b,x = a -1 • 6, then it is uniquely solvable. It can 



be shown by analogy that the equation y * a = b is also uniquely solvable. 
Therefore, (L, *) is a loop, as required. 

Now, before we pass to the presentation of the basic results, we give the 
construction of free IP -loop with the set of free generators X = {xi, X2, • • •}, 
using ideas from [13]. To the set X we add the disjoint set {x± , x^ ,•••}• 
Let us examine all groupoid words L(X) from set {xi, xj~ , X2,x^ , • • •} rel- 
ative to multiplication (•) and let e denote the empty word. For the words 
from L(X) we define the inverse words: 1) for X{ € X the inverse will be 

x~ , and for x~ the inverse will be Xi, i.e. (x~ ) = xf, 2) if u ■ v & L(X), 
then {u ■ v)^ 1 = v^ 1 ■ u -1 . Further, we define two words u,v in F(X) to be 
Moufang- equivalent, u ~ v if one can be obtained from other by a sequence 
of substitutions, each of which replaces a subword (rs ■ r)t by r(s ■ rt) and 
inverse, where r, s, t are any words in F(X). By a contraction \i of a word in 
-F(AT) we mean the substitution a subword of the form u _1 (ot), (uw )w -1 , 
where u ~ u, by u>. The action z/, inverse to contraction /u we call the 
expansion. 

We define the (//, i/)-equivalence w = w' for words tf , tf' in i ? (^) if one 
can be obtained from the other by a finite sequence of substitutions each 
if which is either a contradictions jjl or expansion v or a single use of the 
Moufang law (1). The relation = will be, obviously, a relation of equivalence 
on L(X). It will be even congruence, as if a word (u\U2 ■ ■ ■ u n ) a is given when 
a is some parentheses distributions, obtained from words m,U2, ■ ■ ■ ,u n , then 
the replacement of the word m,i = 1,2, ... ,n, with words or equivalence can 
be realized applying to the given word a finite number of transformations of 
the above described form. 

With multiplication {u} ■ {v} = {uv} and inverse {«} -1 = I - "" 1 } of 
congruence classes we obtain a loop with unity {e}, as the quotient loop 
L(X)/ = satisfies the laws x^ 1 ■ xy = y, yx ■ x~ l = y. Moreover, L(X)/ = 
will be a free Moufang loop on {xj}, i = 1, 2, 3, ... as set of free generators 
X. We identify {xj} with x« and we denote L(X)/ = by Lx(0Jl). 

Analogically of F(X), we introduce the Moufang-equivalence, transfor- 
mations n, v and (p, ^-equivalence for words in Lxffll). We define a word 
in L(fJJl) to be a reduced word if no reductions of type \x of it are possible. If 
w G L(9Jt), then the number l(w) of the variables in X, contained in w, will 
be called the length of word w. Now let us show that if w — ► w\ , w — > ^2 
are any reductions of type /i of a word w, then there is a word u>3 obtained 
from each of w\,W2 by a sequence of reductions of type look /j,. As a matter 
of fact, we use induction on the length of w. If l(w) = 1, w is already a 
reduced word. If l(w) = n and w = u ■ v where u, v are the subwords of w, 
then l{u) < n,l(v) < n. If both reductions w — > wi,tf — > u;2 take place in 
the same subword, say it, induction on length applied to n yields the result. 
If the two reductions take place in separate subwords, applying both gives 



the 1113 needed. This leaves the case where at least one of the reductions 
w — ► W\ , w — ► Wi involves both subwords u,v of w. Then w has, for exam- 
ple, the form w = u~ 1 (uv). Therefore w = v and thus l(w) < n, then by 
inductive hypothesis the statement is true. 

Using this statement, one may prove by induction on length that any 
word w has a unique reduced words regarding the reductions /j,. and all 
such reduced words belong to unique class of Moufang-equivalence.Then, an 
induction on the number of reductions and expansions connecting a pair of 
congruent words shows that congruent words have the same reduced words. 

Any word in Lx(SPt) has a reduced words. A normal form of a word 
u in Lx(9#) is a reduced word of the least length. Clear, every word in 
Lx(9Jl) has a normal form. Let u{x\, X2, ■ ■ ■ ,Xk), u(yi,y2, ■ ■ ■ ,y n ), where 
Xi, yj £ lUl" 1 , be two words of normal form of u of length l{u). Lx(9R) is 
a free loop. Let, for example, y\ ^ {#i, X2, • • • , Xk}, then u(x±,X2, ■ ■ ■ , Xk) = 
u(l, j/2, • • • j Vn)- The length of u(l, yi, ■ ■ ■ , y n ) is strict least that l(u). But 
this contradicts the minimum condition for l(u). Consequently, all words of 
normal form of the same word in Lx (SDt) have the same free generators in 
their structure. This completes the proof of following statement. 

Lemma 3. Any word in Lx($Jl) has a reduced words that belongs to 
the unique class of Moufang-equivalence, two words are (fJ,,v) -equivalent if 
and only if they have the same reduced words and all words of normal form 
of the same word in Lx (SDt) have the same free generators in their structure. 

Now we consider a loop algebra Fill of free Moufang loop (M, ■) = M 
over an arbitrary field F. Let M = {u = 1 — u\u £ M} and we define the 
circle composition u ov = u + v — u ■ v. Then (M, o) is a loop, denoted 
sometimes as M. The identity 1 of M is the zero of FM, 1 = 1 — 1, and the 
inverse of u is u _1 = 1— u" 1 as Hoi = 1— n+0— (1— u)0 = 1— u = u, lou = u, 
uou" 1 = u-\-u~ l —uu^ 1 = 1 — u+1 — u~ l — (1 — u)(l — u^ 1 ) =0, u^ 1 ou = 0. 
Let u, v G M. Then uov = u + v — uv = 1 — u + 1 — v — (1 — u)(l — v) = 
1 — uv = 1 — uv. Hence M is closed under composition (o) and 

uov = 1 — uy. (3) 

Further, by (3) u~ 1 o (u o v) = 1 — u^ 1 (uv ) = 1 — v = v and (u o «) o u^ 1 = 
v. From here it follows that (M, o) is a loop. We call it a circle loop 
corresponding to loop (M, •). 

We define the one-to-one mapping Tp : M — > M by ^p(a) = a. For 
a, b € M by (3) we have Tp{ab) = 1 — ab = aob = <p(a) (p(b). Hence Tp is an 
isomorphism of loop M upon loop M. Then from Lemma 2 it follows that 
Tp induces the isomorphism cp of loop algebra FM upon loop algebra FM 
by rule ip(T, u< z M a u u) = S ue Ma«(^(^)) = T, ueM a u u. 



Clear, if the loop M is generated by free generators xi,X2,---, then 
the loop M is generated by free generators x± , X2 , ■ ■ ■ , the isomorphism 
ip : FM — > FM is defined by mappings x« — ► x« and a word a in M 
has a normal form if and only if the corresponding word u also has a normal 
form. This completes the proof of following lemma. 

Lemma 4. Let FM be a loop algebra of free Moufang loop (M, •) with 
free generators x±,X2, ■ ■ ■ and let M = {u = l — u\u G M} be the correspond- 
ing loop under circle composition u ov = u + v — uv. Then the mappings 
Xi — > Xi define an isomorphism tp of loop algebra FM upon loop algebra FM 
by rule (p(Yia u u) = Y,oc u (jp{u)) = T,a u u, a u E F, u E M , and a word in loop 
(M, •) has a normal form if and only if the word <pu has a normal form in 
loop (M, o) . 

Further, according to Lemma 4 for algebra FM we will consider only 
monomials of normal form. Let u € FM and let ip be the isomorphism 
defined in Lemma 4. We denote f(u) =u. If u = SajMj, en G F, ui G M, 
is a polynomial in FM then we denote c(u) = Sa». Clear, that c(u) = c(n), 
where u = SajUj. 

If the free Moufang loop M is non-associative, then from the definition 
of loop algebra there follow the equalities 

(a, b, c) + (6, a, c) = 0, (a, b, c) + (a, c, 6) = Va, 6, c G L, (4) 

where the notation (a, 6, c) = ab ■ c — a ■ be means that the associator in 
algebra does not always hold in algebra FM. Let I(M) denote the ideal 
of algebra FM, generated by all the elements of the left part of equalities 
(4). It follows from the definition of loop algebra and di-associativity of 
Moufang loops that FM/I(M) will be an alternative algebra. We remind 
that algebra A is called alternative if the identities (x,x,y) = (y,x,x) = 
hold in it. Hence we proved. 

Lemma 5. Let FM and FM be the loop algebras of free Moufang loop 
(M, •) and its corresponding circle loop (M, o) and let I(M,-), I(M,o) be 
the ideals of FM and FM respectively, defined above. Then I(M) = L(M) 
and for any u G I(M) c(u) = 0. 

Proof. We denote vi = Vi(uu,ui2,ui 3 ) = (un,ui2,u 13 )+(u 12 ,u n ,ui 3 ), 
v 2 = v 2 (u 2 i,U22,U23) = (u 2 i , u 2 2 , u 23 ) + {u 2 i , U23 , U22) , where Uij G M, 
i = 1,2, j = 1,2,3. Then as -F-module the ideal L(M) is generated by 
the elements of form 

w(di, . . . ,d k ,Vi,dk+i, ■ ■ ■ ,dm), 



where i = 1, 2 and di, . . . , d m are monomials from FM. 
Let to = w(di,... ,dk,vi,dk+i,...,dm). Then by (3) 

w = w(di, . . . ,d k , (uu,ui2,ui3) + (ni2, u Ul u 13 ), d k+1 , . . . , d m ) 

w(di,... ,d k ,unui2 ■ ui 3 ,d k +i,... ,d m )- 

w(di,... ,d k ,Uu -Ui2Ui3,dk+l,--- ,dm) + 

w(di,... ,d k ,ui2Uu -ui3,d k+1 ,... ,d m )- 

w(di,... ,d k ,ui2 ■ u u u 13 ,d k+1 ,...,d m ) = 

-(1 -w(di,... ,d k ,uuui2 ■ ui 3 ,d k+ i,... ,d m ))+ 

(1 -w(di,...,d k ,u u ■ui2Ui3,d k +i,...,dm))- 

(1 - w(di, . . . ,dk,ui2Uu -ui3,d k+1 ,... ,d m ))+ 

(1 -w(di,...,d k ,ui2 ■u 11 u 13 ,dk+i,...,d m )) = 

w(di,... ,d k ,{uu ou 12 ) o«i 3 ,4 + i,... ,d m )- 

w(di, . . . ,dk,uu o (u 12 oui 3 ),dk+i, ■ ■ ■ ,d m )+ 

w(di,...,d k ,(u 12 own) ou 13 ,d k+1 ,...,d m )- 

w(di, . . . ,dk,ui2 o (Un ou 13 ),d fe+ i,...,d m ) = 

Ii;(di,...,dfc,U2,3fc + i,... ,3 m ). 

Similarly, io(di, . LL ,dk,v 2 ,d k+ i, ■ ■ ■ ,d m ) = w(di, . . . ,d k ,v 2 ,d k+ i, . . . ,d r , 
Hence I(M) C I(M). 

Conversely, we consider a polynomial in fM of form w(di, . . . ,d k ,vt, 
dk+i, • • • , d m ). It is clear that w € I(M) and any element ~z G I(M) will be 
represented as sum of finite number of polynomials of a such form. We have 
c(vi) = 0, then c(w) = and, consequently, c(z) = 0. Now, let for example 
v i = v 1 . By (3) we get Ui = («nOtti 2 )ou 13 = u n o (ui 2 oui 3 ) = l-unui 2 - 

Ui 3 -(l-Uii-Ui2Ui 3 ) = -UnUl2-Ul3+«n-'Ul2Ul3 = -(«11, "12, U13) = "^1- 

Further, by relation xoy = 1 — xy in a expression W we pass from operation 
(o) to operation (•). Then W can be written as the sum of a finite number 
of monomials, each of them containing the associators m in its structure. 
Then w E I(M), and hence z E I(M), I(M) C I{M). Consequently, 
I(M) = I(M). This completes the proof of Lemma 5. 

Theorem 1. Let (M, •) be a free Moufang loop, let F be an arbitrary field 
and let ip : FM — > FM/I(M) be the natural homomorphism of algebra FM 
upon the alternative algebra FM/I(M). Then the image (p(M,-) = (M, *) 
of loop M, •) will be the isomorphism of these loops. 
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Proof. Any Moufang loop is an IP- loop, then by Lemma 2 the image of 
loop (M, •) under the ^4-homomorphism (p : FM — ► FM/I{M) will be a loop 
(M,*). Let -ff be a normal subloop of loop (M, •), that corresponds to (/?. 
Then 1 - H C /(M). We suppose that H / {1} and let 1 / u(xi, . . . , x k ) e 
iJ be a word in the free generators aji, . . . ,Xk of normal form. Then the 
length l(u) > 0. By (3) we write 1 — u(x±, . . . , Xk) in generators xi, . . . ,x~k 
regarding to circle composition (o), 1 — u(x\, ■ ■ ■ , x&) = u(x±, . . . ,Xk)- As 
1 — u(xi, . . . ,Xk) G I(M) then by Lemma 5 u(xi, . . . ,x~k) G I(M) and 
u(xi, . . . ,Xk) = u has a normal form. Hence l(u) > and, consequently, 
c(u) = 1. But by Lemma 1 t(u) = as u G I{M). We get a contradiction 
with c(U) = 1. Hence our supposition that iJ 7^ {1} is false. This completes 
the proof of Theorem 1. 

Remark. The proof of Lemma 3 has a constructive character for free 
Moufang loops. But Lemma 3 holds for algebras of fi-words (see, for exam- 
ple, [17]). Any relatively free Moufang loop is an algebra of fi-words. From 
here it follows that the Lemma 3 is true for any relatively free Moufang loop. 
Then it is easy to see that the main result of this paper (Theorem 1) holds 
for every relatively free Moufang loop. 

Further we identify the loop (M,*) with (M, •). Then every element 
in FM/I(M) has the form X^eM \?> \ e F. Further for the alternative 
algebra FM/I{M) we use the notation FM and we call them "loop algebra" 
(in inverted commas). Let H be a normal subloop of M. We denote the 
ideal of "loop algebra" FM, generated by the elements l — h(h£ H) by toH. 
If H = M, then ojM will be called the "augmentation ideal" (in inverted 
commas) of "loop algebra" FM. Let us determine the homomorphism <p of 
-F-algebra FM by the rule (p{^2 X q q) = ^ X q Hq. By analogy to Lemma 1 
it is proved. 

Proposition 1. Let H be a normal subloops of free Moufang loop M and 
let FM and u>M are respectively "loop algebra" and "augmentation ideal" 
ofM. Then 

1) loH C Kercp; 

2) 1 — h G Kenp if and only if h G H; 
3)uM = {^ q€M \ q q\^: qeM \ q = 0}; 

4) the "augmentation ideal" 10M is generated as F-module by the ele- 
ments of the form 1 — q (q G M). 

Let <jjM denote the augmentation ideal of loop algebra (without commas) 
FM and let luM denote the "augmentation ideal" of "loop algebra" FM. 
Then from 4) of Lemma 1 and 3) of Proposition 1 it follows that 



luM = ujM/I(M). 



Any Moufang loop L has a representation L = L/H, where L is a free 
Moufang loop. As we have remarked above, in [15] there are constructed 
Moufang loops L that are not embedded into a loop of invertible elements of 
any alternative algebras. Then for such normal subloop H of L Kenp = FL 
and by 2) of Proposition 1 the inclusion ujH C Kenp is strict. 

We mention that Proposition 1 holds also for Moufang loops for which 
the Theorem 1 is true. 
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